We discuss the origin of an enigmatic low-temperature behavior of one-dimensional decorated spin systems which was coined the pseudo-transition. Tracing out the decorated parts results in the standard Ising-chain model with temperature-dependent parameters and the unexpected lowtemperature behavior of thermodynamic quantities and correlations of the decorated spin chains can be tracked down to the critical point of the standard Ising-chain model at H = 0 and T = 0. We illustrate this perspective using as examples the spin-1/2 Ising-XYZ diamond chain, the coupled spin-electron double-tetrahedral chain, and the spin-1/2 Ising-Heisenberg double-tetrahedral chain.
I. INTRODUCTION
For a number of decorated one-dimensional spin models with short-range interactions, the low-temperature thermodynamic quantities exhibit an intriguing behavior which resembles the discontinuous or continuous temperature-driven phase transitions [1] [2] [3] [4] ; it was coined the pseudo-transition [5, 6] . Of course, these pseudotransitions are not the true temperature-driven transitions showing only abrupt changes or sharp maxima in thermodynamic quantities at T = T p > 0 as have been demonstrated in detail in several papers [5, [7] [8] [9] [10] [11] [12] . However, a sudden increase of the entropy and the internal energy at T = T p and an impressively fine peak of the second derivative of the free energy (the magnetic susceptibility and the specific heat, see, e.g., the inset in Fig. 9 below [13] ) at T = T p are rather striking features which call for explanations [5] . Further on, it was found that the correlation functions at T = T p have very large correlation length, i.e., decrease very slowly with the distance increase [8] , and that the zero-temperature phase boundary residual entropy may serve as an indicator of the pseudo-transition [9] . Moreover, in the vicinity of (but not too close to) T p , both ascending as well as descending part of the peaks fits precisely a power-law behavior. Calculations for four specific models (Ising-XYZ diamond chain, coupled spin-electron double-tetrahedral chain, Ising-XXZ two-leg ladder, and Ising-XXZ threeleg tube) yield a universal set of pseudo-critical exponents with the values α = α ′ = 3 for the specific heat, γ = γ ′ = 3 for the susceptibility, and ν = ν ′ = 1 for the correlation length [10] . It is worth noting here that decorated Ising-chain models may be realized in certain real magnetic compounds containing lanthanide ions [14] .
What remains outside of those studies, in our opinion, is the reasons for the emergence of pseudo-transitions. With the present study we wish to fill in this gap illustrating what is behind the enigmatic low-temperature dependences of the one-dimensional systems exhibiting pseudo-transition. An important step in our consideration is a mapping of the decorated spin chains onto an Ising-chain model (Section II and three Appendices A, B, and C). Although this mapping was mentioned in all previous studies, however, to our mind, it was not enough appreciated. The distinctive feature of the resulting effective Ising-chain model is the temperature-dependent parameters. Pseudo-transitions are observed when the effective exchange is ferromagnetic and the effective field changes its sign at certain temperature, Eq. (2.2) (Section II). If this temperature is low enough, we face remnants of the critical point of the standard Ising-chain model. Moreover, the temperature-dependent parameters lead to interesting relations between the internal energy, the entropy, and the specific heat on one side and the magnetization and the susceptibility on the other side, Eqs. (3.5), (3.6), (3.7) (Section III). These relations provide the background for understanding universality found in Ref. [10] (Section IV). The elaborated perspective unveils the "mystery" of pseudo-transitions and yields a useful tool for revealing new decorated-spinmodel candidates with peculiar low-temperature behavior to be explored theoretically and, hopefully, experimentally (Section V).
II. EFFECTIVE ISING-CHAIN MODEL
Decorated spin models in the regime when they exhibit temperature-driven pseudo-transitions (for example, the spin-1/2 Ising-XYZ diamond chain, see Appendix A, the coupled spin-electron double-tetrahedral chain, see Appendix B, or the spin-1/2 Ising-Heisenberg double-tetrahedral chain, see Appendix C) can be rigorously reduced to the effective Ising-chain model with the
where n = 1, . . . , N, C = C(T ), J eff = J eff (T ) > 0 is ferromagnetic, whereas H eff = H eff (T ) does change its sign while the temperature T grows. Then the pseudocritical temperature T p is defined by [5, 8] 
2) provides the necessary condition for occurrence of the pseudo-transition. Moreover, J eff (T ) varies slowly and does not change its sign. Temperature dependences of the constant term, the ferromagnetic exchange, and the magnetic field reflect a certain internal structure of the initial model (i.e., the decorated spin chain), which is hidden now in the specific functions C(T ), J eff (T ), and H eff (T ).
Using the vocabulary
we may introduce the standard ferromagnetic Ising-chain model,
. . , N, periodic boundary conditions are implied, σ n = ±1, which is explained in most textbooks on statistical mechanics [15] . The model is exactly solvable by the transfer-matrix method. Knowing the eigenvalues of the transfer matrix
one immediately gets all required quantities, e.g., the Helmholtz free energy F(T, H, N)/N → −T ln λ + or the pair spin correlations at the distance m which behaves as
. Around the critical point, H = T = 0, the behavior of thermodynamic quantities is characterized by the set of critical exponents: α = 1, β = 0, γ = 1, ν = 1, and η = 1 [15] . Usually, only the region H ≥ 0 is discussed, since the results for H ≤ 0 follow directly by symmetry arguments. However, for the case at hand it would be convenient to consider further both signs of H explicitly.
Using the relations given in Eq. (2.3), we can construct the trajectories in the H/J − T/J plane, along which the initial system [or, equivalently, the effective system (2.1) with T -dependent parameters] moves as T grows from low to high values passing T p . Some of such trajectories for the spin-1/2 Ising-XYZ diamond chain (see Appendix A), for the coupled spin-electron doubletetrahedral chain (see Appendix B), and for the spin-1/2 Ising-Heisenberg double-tetrahedral chain (see Appendix C) are shown in Fig. 1 respectively. In what follows, we use the H/J − T/J plane to demonstrate certain T -dependences for the effective model (and thus for the initial model) moving along such trajectories (see, e.g., Figs. 4, 5, 6 below which regard to the case of the spin-1/2 Ising-XYZ diamond chain).
It is worth making few remarks here. First of all, the reported trajectories in the H/J−T/J plane permit one to compare different decorated models. For instance, comparing Figs. 1 and 2, one notes several important differences. Equation (2.2) for the double-tetrahedral chain case has two solutions (green filled diamonds and empty squares in Fig. 2 ), although the higher-temperature one (green empty squares) does not manifest itself in the observed properties of the decorated spin chain, see Eq. (3.10) below. The temperature scale for two models is obviously different which results in "stronger" peculiarities for the spin-1/2 Ising-XYZ diamond chain since they occur at lower temperatures T/J. Moreover, while for the first model T/J which corresponds to T p can be made infinitesimally small (Fig. 1) , for the second model T/J cannot be lower than T/J = 0.211 . . . (Fig. 2) . As it will be seen later, a slope of the trajectory at the point where it crosses the straight vertical line H = 0 may be also important. While for the spin-1/2 Ising-XYZ diamond chain case the slope obviously decreases as h tends to h = 12.75, for the double-tetrahedral chain case the slope is less sensitive to the value of H < 1.884. 
III. EFFECTIVE ISING-CHAIN MODEL AROUND Tp
The properties of the effective Ising-chain model (2.1) (and thus of the initial decorated model) are determined by the eigenvalues of the transfer matrix λ ± (2.5), (2.3). They straightforwardly yield the Helmholtz free energy per site [here the first term has appeared because of the constant term C in Eq. (2.1)] or the correlation length
Taking the derivatives with respect to the field, we immediately obtain the Ising-spin magnetization and susceptibility
see Ref. [15] . The only important peculiarity of the effective Isingchain model (2.1) is related to the temperature dependences of the effective parameters. Therefore one has to take the derivatives with respect to the temperature with cautious. Thus, the internal energy, the entropy, and the specific heat are given by the following formulas:
Interestingly, according to Eqs. (3.5), (3.6), and (3.7), the internal energy and the entropy are related to the magnetization [the terms e (3) (T ) and s (3) (T )], whereas the specific heat is related to the susceptibility [the term c (8) (T )]; obviously, this happens owing to the temperature-dependent Hamiltonian parameters. Now we can discuss the temperature dependences of various quantities for the decorated spin chains which can be presented as the effective model (2.1). Consider first the correlation length ξ,
At the pseudo-critical temperature T p (2.2), Eq. (3.8) becomes
Evidently, ξ(T p ) tends to infinity only for 2J eff (T p )/T p → ∞. We may suggest as a sufficient condition for the pseudo-transition the following one:
where T p is defined in Eq. (2.2). Obviously, Eq. (3.10) says that T/J ≪ 2 at T = T p , i.e., that the temperature T which corresponds to T p is sufficiently low. Under this assumption, Eq. (3.9) gives the following estimate for ξ(T p )
However, in the vicinity of T p , when Green curve in the both panels is the dependence ξ(T/J) at H = 0 for the standard Ising-chain model. In the lower panel we show the dependence ξ(T ) at h = 12.7 in detail using another scale. Moreover, by brown curves we show the dependence ξ(H) for the standard Ising-chain model at several T: 0.107 9, 0.108 9, . . . , 0.127 9. Intersections of the blue curve with the set of brown curves are denoted by cyan circles.
Eq. (3.8) reads
Clearly, this quantity is large while T approaches condition (2.2), however, precisely at T = T p , the inequality (3.12) fails and Eq. (3.9) holds implying finite correlation length ξ(T p ).
In Fig. 4 , we show the dependence ξ(T ) for the spin-1/2 Ising-XYZ diamond chain for a representative set of parameters when the model shows pseudo-transition (see Fig. 13 ) by blue curves (ξ, ordinates) upon violet curves (T , abscissas) in the H/J − T/J plane. ξ increases as T approaches T p and reaches its maximal value (3.9) at T = T p . Moreover, in the lower panel we also show the dependence ξ(H) for the standard Ising-chain model (2.4) at few values of T/J = 0.107 9, 0.108 9, . . ., 0.127 9 (brown curves) to reveal the relation between the models (2.1) (thick blue curve) and (2.4) (brown curves). For example, for h = 12.7, T p ≈ 0.372 6 that correspond to H = 0 and T/J ≈ 0.117 9. As it is clear from Fig. 4 , the Ising-chain model singularity at H = 0 and T = 0 indicated by the green curves ξ(T/
The magnetization of the initial model is given by the magnetization of the effective model (2.1) [the Isingspin magnetization of the model (A.1) is two times smaller than the magnetization of the effective model (2.1)]. In Fig. 5 , we show the temperature dependence of the magnetization of the initial model m(T ) at h = 12.7, 12.74, 12.745, 12.749. With temperature grow, H eff changes its sign at T p resulting in a well-pronounced jump of the magnetization from almost −1 to almost 1 (since the values of T which correspond T p are rather small; e.g., the initial model with h = 12.7 exhibits the jump at T p ≈ 0.372 6 which corresponds to T/J ≈ 0.117 9, see the lower panel in Fig. 5 ). The well-pronounced jump in the temperature dependence of magnetization is simply because of the change of the sign of the field at rather low temperatures. On the other hand, it has important consequences for the temperature dependence of the internal energy and the entropy, see the third terms e (3) (T ) and s (3) (T ) in Eqs. (3.5) and (3.6). We pass to the susceptibility (3.4) [the Ising-spin susceptibility of the model (A.1) is four times smaller than the susceptibility of the effective model (2.1)]. At T = T p , we have
In the vicinity of T p when Eq. (3.12) holds, we have
Again, this quantity is large as T approaches T p , however, at T p we have the finite value given in Eq. (3.15) .
Interestingly, the approximate results in Eqs. In the lower panel we show the dependence m(T ) at h = 12.7 in detail using another scale. Moreover, by brown curves we show the dependence m(H) for the standard Ising-chain model at several T: 0.107 9, 0.108 9, . . . , 0.127 9. Intersections of the blue curve with the set of brown curves are denoted by cyan circles.
in Fig. 6 . As temperature T grows approaching T p , χ(T ) abruptly increases at T p achieving the value of χ for the standard Ising-chain model at H = 0 and rather low temperature T/J = T p /J eff (T p ) (green curves in Fig. 6 ). However, this abrupt increase, although related to the criticality at H = 0 and T = 0, is by no means identical to it. This is nicely seen, e.g., in the lower panel of Fig. 6 , compare the blue curve χ(T ) with the green curve χ(T) at H = 0. We emphasize in passing that the large values of χ(T p ) may manifest themselves in the temperature dependence of the specific heat, see the eighth term c (8) 
The temperature dependence of the internal energy and the entropy can be easily understood on the basis of Eqs. Green curve in the both panels is the dependence χ(T/J) at H = 0 for the standard Ising-chain model. In the lower panel we show the dependence χ(T ) at h = 12.7 in detail using another scale. Moreover, by brown curves we show the dependence χ(H) for the standard Ising-chain model at several T: 0.107 9, 0.108 9, . . . , 0.127 9. Intersections of the blue curve with the set of brown curves are denoted by cyan circles.
in the temperature dependence of m at T = T p immediately generates the jump in the temperature dependence of e and s. In Figs. 7 and 8 , we show all three contributions e (1) (T ), e (2) (T ), e (3) (T ) and
, this way illustrating that the jump of the internal energy and the entropy at T = T p is conditioned by the terms with m (thin red dotted curves).
Finally, we turn to the specific heat. According to Eqs. (3.7) and (3.15), (3.16) , the dominant contribution to the specific heat around T p is expected to come from the susceptibility, c(T ) ≈ c (8) 
, and hence the specific heat manifests the behavior of the susceptibility. More precisely, the temperature dependence of c and χ around T p may be very similar, since for
around T p is only some finite constant, see Fig. 9 . However, it may happen that T (H 
FIG. 7:
Internal energy e versus T ; the spin-1/2 Ising-XYZ diamond chain (with γ = 0.7, h = 12.7) is described in Appendix A, see Fig. 13 . Thick blue curve corresponds to e(T ), thin black, magenta, and red curves correspond to e (1) (T ), e (2) (T ), and e (3) (T ), respectively, see Eq. (3.5). is extremely small resulting in no peculiarity of the specific heat at T p , although such peculiarity does exist for the susceptibility, see Fig. 10 . Obviously, to find the precise value of c around T p we have to take into account all terms in Eq. (3.7).
In Fig. 9 we show c(T ) for γ = 0.7 and h = 12.7. Of course, the result for the decorated spin chain coincides with the result for the effective Ising-chain model (2.1) with the specific values of C(T ), J eff (T ), and H eff (T ) It is worth noting that the height and width of the specific-heat peak at T p should not violate the thermodynamic relation ∞ 0 dT c/T = ln 2, i.e., a higher the peak is, a narrower it should be.
As it was mentioned above, the relation between the specific heat and the susceptibility may be covered because of a small value of the factor T (H ′ eff ) 2 at T p . To illustrate such a case, we consider the set of parameters which implies a small slope of the trajectory at the point where it crosses the vertical line H = 0 in Fig. 1 . The results are reported in Fig. 10 at T = T p resulting in no enhancement of the specific heat at T = T p .
To summarize this section, we have demonstrated that the low-temperature peculiarities of the effective Isingchain model (and thus of the decorated spin chains) are related to the critical point of the Ising-chain model H = 0 and T = 0. This is obvious from consideration of the correlation length ξ(T ) in the H/J−T/J plane, Fig. 4 . Both, the magnetization and the susceptibility straightforwardly reflect the low-temperature behavior of the ferromagnetic Ising-chain model, Figs. 5 and 6. The magnetization m(T ) has almost not-smeared jump between the two saturation values of opposite signs at T = T p and the susceptibility χ(T ) exhibits an abrupt increase at T = T p which reaches the value (3.15) (which corresponds to the zero-field low-temperature value of χ for the ferromagnetic Ising-chain model). The internal energy and the entropy for the effective Ising-chain model with temperature-dependent parameters (2.1) depend on the magnetization, see Eqs. (3.5) and (3.6), and therefore the magnetization jump at T p shows up in the temperature profiles of e and s, too. Moreover, in contrast to the standard ferromagnetic Ising-chain model, the specific heat for the effective Ising-chain model (2.1) exhibits a sharp maximum at T p ; according to Eq. (3.7), this can be traced to the abrupt increase of the susceptibility at T = T p if it is not quenched by the factor
It should be also noted that the temperatures at which the effective field H eff vanishes (T p ), the correlation length has a peak (T max.cor.l. ), the susceptibility has a peak (T max.susc. ), or the specific heat has a peak (T max.sp.heat ) are, generally speaking, not identical. However, for the case γ = 0.7, h = 12.7 we have T p = 0.372 621 188 80 and these 11 digits for all characteristic temperatures coincide. (For the case γ = 0.7, h = 12 we have T p = 0.815 048 150 05 and only first 4 digits for all characteristic temperatures coincide.)
IV. UNIVERSALITY
As it immediately follows from explanations of the previous section, the pseudo-critical behavior is universal and depends 1) on the fact that the Hamiltonian parameters are temperature dependent, Eqs. (3.5), (3.6), and (3.7); 2) on the critical behavior of the standard Isingchain model around its critical point H = 0 and T = 0; and also 3) on the specific temperature dependence of the Hamiltonian parameters [especially of
Thus, Eqs. (3.14) and (3.16) say that as T approaches
. Moreover, Eq. (3.7), when c (8) (T ) is relevant, suggests that as
. Therefore, the relations α = α ′ = γ = γ ′ = 3ν = 3ν ′ are obvious. Further on, since for the decorated spin chains at hand
we immediately obtain α = α ′ = 3, γ = γ ′ = 3, and ν = ν ′ = 1 [10] . In the vicinity of T p it would be sufficient to consider J eff (T ) = J eff > 0 and H eff (T ) = A (T − T p ) only. But these parameters cannot reproduce the whole range of temperatures leading to such shortcomings as negative entropy, specific heat etc. outside the vicinity of T p .
We have also to underline the role of the slope related to the factor A in Eq. Ising-XYZ diamond chain is described in Appendix A, see Fig. 13 . Blue curves correspond to Tp(γ, h); thick red curve with empty circles denotes Tp at which ξ(γ, h, Tp) = 100 and 2J eff (Tp)/Tp ≈ 5.298 (thin red curve is the projection of the thick red curve on the γ − h plane); thick magenta curve with empty squares denotes Tp at which ξ(γ, h, Tp) = 10 and 2J eff (Tp)/Tp ≈ 2.997 (thin magenta curve is the projection of the thick magenta curve on the γ − h plane); forest-green curve denotes the region with H eff < 0 at T = 0 (cf. Fig. 13 ). Two black circles denote the points γ = 0.7, h = 12.7 and γ = 0.82, h = 7.916 228.
may quench the peculiarity coming from χ(T → T p ).
V. CONCLUSIONS
Let us summarize the present study. We have not reported many new calculations, rather we have suggested a new perspective for the temperature-driven pseudotransitions in one-dimensional decorated spin systems with short-range interactions. First of all, we have illustrated usefulness of the mapping onto the standard Isingchain model. We have stressed that the observed lowtemperature peculiarities of the decorated spin chains are related 1) to the critical point of the Ising-chain model H = 0 and T = 0 and 2) to the specific temperature dependences of the effective parameters of the effective Ising-chain model which represents the initial decorated spin chain. We have further discussed the necessary [5, 7] and sufficient conditions for occurrence of the pseudotransition: While the necessary condition (2.2) requires H eff = 0 (and hence H = 0) at T = T p , the sufficient condition (3.10) says that T/J ≪ 2 at T = T p (i.e., the temperature for the standard Ising-chain model without field should be sufficiently low). In Fig. 11 we illustrate these arguments for the spin-1/2 Ising-XYZ diamond chain with J = 100, J z = 24, and J 0 = −24 in the γ − h plane: All points in a triangle which is singled out by the forest-green curve and the straight line h = 0 satisfy the necessary condition (2.2) for the existence of the pseudo-transition. The values of T p are given by the blue lines. However, only sufficiently close to the forestgreen line one can satisfy the sufficient condition (3.10), i.e., one can observe a developing of the sufficiently large correlation length (3.9) which causes peculiarities in the low-temperature properties of the decorated spin chains. Nonetheless, even in this case, just the specific heat may show no enhancement at T p as was illustrated in Fig. 10 . Finally, we have explained the power-law behavior of various quantities in the vicinity of the pseudo-critical temperature.
We think, that the elaborated perspective has several further extensions which deserve to be studied. The most straightforward one is related to the decorated spin chains which can be reduced to the effective higher-spin Ising-chain models. Moreover, we believe that the decorated spin models are of some interest not only in one dimension and the case of more than one dimensions may be also intriguing. Although in two dimensions there is the famous Ising-Onsager transition, a two-dimensional decorated model which can be reduced to the squarelattice Ising model with particular trajectories around the critical point H = 0 and T = 2J/ ln(1 + √ 2) in the H/J − T/J plane should also exhibit interesting behavior conditioned by that critical point. As a candidate for such a decorated two-dimensional spin model we may suggest a diamond-like-decorated square lattice [16] . FIG. 14: A part of the spin-electron system on a doubletetrahedral chain. Full circles denote nodal lattice sites occupied by the localized Ising spins 1/2, while the empty circles forming triangular plaquettes are available to mobile electrons (each three equivalent sites of the triangular plaquette are available to two mobile electrons). For further details see Ref. [1] . 
